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A class of robust algorithms for the computer simulation of stochastic differential equations
with multiplicative noise is investigated. Excellent agreement is obtained with the known
analytic behaviour of the Kubo oscillator in the white noise limit. The algorithms include a
known first-order one-dimensional explicit method, as well as implicit methods of increased
stability. A distinction is drawn between classes of stochastic differential equations depending
on the type of spatial variation or curvature defined by the diffusion tensor. This allows
greatly simplified numerical implementations of the new algorithms in certain cases. The
results of different techniques are compared for the case of the Kubo oscillator, where a semi-
implicit technique gives the greatest accuracy. € 1991 Academic Press, Inc.

1. INTRODUCTION

Computer simulations of stochastic differential equations [1] offer a powerful
technique for obtaining information in statistical physics. Analytic techniques are
often only useful in the linearised, small noise limit of nonlinear problems. This
limitation can be overcome by the technique of direct computer simulation.
Stochastic equations are even more interesting in view of the well-known
equivalence between a Fokker-Planck equation and a stochastic equation.
Since Fokker-Planck equations with large dimensionality are difficult to analyse
numerically, stochastic equations offer a useful alternative technique.

In practical terms, there are relatively few well-understood numerical algorithms
for these types of calculation. The numerical problem is particularly acute for
stochastic equations obtained from Fokker—Planck equations, as these involve
infinite-bandwidth noise sources. The theoretical work of Ito [2], Stratonovich
[3], and others has defined precisely how to mathematically interpret the singular
noise sources that occur. This requires some modification of standard calculus
techniques in the case of Ito’s approach. Thus, the mathematical properties of
stochastic equations are relatively well known.

Nevertheless, the numerical simulation of these equations has not been studied
with the same detail as for non-stochastic equations. In particular, the usual limit
of small step size has a different behaviour in the stochastic case from that in
differential equations with continuous source functions. As the step size becomes
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146 DRUMMOND AND MORTIMER

The quantitative numerical comparisons use the Kubo oscillator to illustrate the
differences. This exactly soluble equation is one of the simplest nontrivial examples
of multiplicative stochastic noise. The results show that in this case the Ito-Fuler
algorithm has the worst local error performance and is especially error-prone for
higher order moments. A first-order explicit algorithm obtained from Taylor expan-
sions has improved local errors, but is worse in terms of error-propagation for long
times or large time-steps. A first-order fully implicit method has similar errors,
although it would be more stable for cases of stiff differential equations. The
smallest errors were found with the semi-implicit or central difference algorithm.

2. STOCHASTIC EQUATIONS

We consider a general multiplicative stochastic differential equation in N
variables, of the structure

2 x(0=alt )+ byl ) §,0) @.1)
J

where
A& (1) > =0,0(1—1).

Here &,(¢) is a delta-correlated real Gaussian process with zero mean, and x; is a
real or complex variable. The equation has a wideband noise source, which is typi-
cal of stochastic differential equations obtained from a Fokker-Planck or similar
equation. The notation { > is used here to denote an average over an infinite
population of the random sources £;. We use this notation to distinguish theoretical
infinite population averages from the finite population averages used in numerical
simulations. (In statistics the notation of a hat “A” is sometimes used to indicate
the statistics of a finite sample.)

The case of Lorentzian noise can also be treated in this general way. In this case,
the noise sources have extra equations of the above form. The solutions to the addi-
tional equations have a Lorentzian spectrum. These then occur as source terms in
the physical equations. Thus Eq. (2.1) can be used to treat a wide variety of
interesting problems. It is applicable to both wideband and finite bandwidth noise
sources.

Equation (2.1) can be regarded either as an Ito [2] or as a Stratonovich [3]
type of stochastic equation. These are both commonly found in applications. A
Stratonovich equation is typically obtained as the physical wideband limit of a
finite bandwidth equation. Equation (2.1) is therefore taken in this paper as a
Stratonovich equation, as this is often more relevant in statistical physics.
Nevertheless, an Ito equation can always be calculated from Eq.(2.1). An Ito
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process is defined as the limit of a sequence where the multiplicative term 1s
evaluated at the start of any finite time interval and can be written as

d

— xi()=aj(t, x)+ ) b, (e x) (1) 122}
dt ; ’
Here the 7 indicates an lto process; the process equivalent to Eq. (2.1) has
. Lo v N . N
aj(t, X)=a;(6X)+5 3 Y byl x) o b, {1, x). (2.3}
e / l\. "'k

We note the presence of an extra term in the drift, called the Ito term, which
compensates for the non-anticipating nature of Ito stochastic processes.

As an example of a Stratonovich equation. we consider the case of the Kubo
oscillator [6] with a stochastic frequency. This has a typical equation of the form:

)

6—’,x(z)=z—x(z)[¢m+wo]= 124

Since the equation is the wideband case of a physical oscillator, it must be regardec
as a Stratonovich equation [1]. For this reason, ordinary calculus techniques of
variable changes can be used in solving this equation. We note that Kubo oscillator
equations of arbitrary noise strength can be written in this form, by use of 2
rescaling in (7).

Equation (2.4} has a direct solution on taking iogarithms:

log(x(r)/x{tp))=1i (t [E(t"Y+mg] dr. {

Y1y

[
\¥l
o

Here &(#) is a Gaussian process, and the result can be iterated over finite time
intervals At,=t¢,,, —¢,to give

log[x(2,.1)/x(1,)]=ilwo 41, + 4W'™], {2.5b)

where
AW AW = 41,5,

rin~t
AW =\ &nyar

v,

Since AW is a real Gaussian random variable of zero mean and known variance,
it can be readily simulated numerically. The exact solution for x(z,) at any point is
obtained on simply iterating Eq. (2.5b) over successive time intervals, for each given
random sequence AW'™, as in Fig. |. Here we set w,= 1. The Gaussian random
numbers are generated using a standard numerical subroutine, distributed by NAG
{Numerical Algorithms Group), which implements Brent’s algorithm [7].
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Fic.1. Exact solutions for the phase of a Kubo oscillator, with wy= 1, 4:=0.01.

It is straightforward to demonstrate from this result that the value of any
stochastic moment (x> over all possible trajectories x(7), is given by

LTy = CDx(16)]" > elimeo =211 (26)

Hence any moment of any order is calculable over an infinite population of
stochastic trajectories. All the moments decay to zero exponentially, with a rate
dependant on the order of the moment. Thus we have analytic results describing
either individual stochastic trajectories or moments of an infinite number of
stochastic trajectories. We note, of course, that individual trajectories have a
constant modulus, while the average amplitude has a modulus that decays to zero.

A more general case, also of the type of Eq. (2.1), is the Kubo oscillator with
finite bandwidth noise source [8]. In the case of Lorentzian noise, this can be
written as a pair of equations:

5}

——[x(t)=ix(t)w(t)

&) k[

= (1) =k[&(0) = (1) + @]

This set of equations still has the form of Eq. (2.1), which is therefore suitable for
either finite or wide bandwith noise.
The solution for w(r) over a finite time interval is

w(t)=e " [ekmw(m +k [ Lo+ E)] dr']. (2.8)

L]
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Hence the corresponding solution for x() can be written as

log(x(1)/x(to)) =i [ w(ty) e = gy’

Y1

t ot
+ikf | ek g+ E(1)) i di i2.8b)

L]

This equation shows that even cases of coloured noise, or equivalently, systems
of stochastic differential equations, can also be treated exactly.

In general it is much more difficult to obtain solutions of stochastic equations i
closed form when there are nonlinearities present, although some exactly solubie
cases exist. In most cases, numerical approximations need to be introduced, giving
rise to algorithms that are valid only in the limit of Ar, — 0. One procedure for
numerically solving these equations is based on the definition of the Ito equation,
since this can be defined as the limit of an Euler [97] algorithm for small step size.
Let x™' be defined at discrete times ¢,. The resulting Ito-Fuler algorithm is known
to have strong convergence to order (4¢)"* in the sense of mean square error, and
10 have weak convergence to order (4:) in the sense of moment generation
[10, 11]. We therefore term this method a weak explicit method:

Weak explicit:  Ax{” =a(1,, x'") A, 4+ b,(t,, x"™ ) AW '™, {2

J

ro
W

where

Ax}nyzx(in-v—l)_x;n}

Adt,=t,,  —i,.

Here 4" is a real Gaussian random variable with zero mean and variance 47,
as before. The solution to Eq. (2.2) is recovered on letting 47, —» 0. We show later
that the Stratonovich process of Eq.(2.1) can be defined as in Eq. (2.9), with
4r,— 0, and with the functions a, b defined implicitly at x = 1/2[x" 4+ x"+ 17, The
numerical implications of this definition will also be treated.

A careful simulation of Eq. (2.4) including the correction term of Eq. (2.3) leads
to the results graphed in Fig. 2. The actual algorithm graphed is the Ito-Euler
equation corresponding to Eq. (2.4). Thus, the technique used is

x{n+1)=(l_%A[)x(nl_,{_i'\:(’n)[d ”’”"’-{—(J)Oﬁ!} {

[}

A0

In these graphs the results are compared by calculating the error relative to exact
stochastic trajectories generated from identical underlying noise sources. With this
procedure, the finite step size or discretization error can be readily distinguished
from the finite population or sampling error. To allow direct comparisons at two
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different step sizes, results with a step size of 2 4t are obtained from those with a
step size of Ar by adding pairs of adjacent AW'") values. Thus the stochastic
processes can be compared directly in all cases. This comparison method is more
reliable in computing step size effects than calculating mean values, which generally
leads to much greater dispersion. In other words, we plot the mean error, rather
than the error of the mean, in these graphs. Plots 2a and 2b are numerical averages
over finite populations.

It is clear from Fig. 2 that the global or longtime errors due to the finite stepsize
reduce with smaller values of Az. This numerical work demonstrates that the Ito-
Euler algorithm can be used in the white-noise limit, provided the step sizes are
very small. The numerical studies leading to Fig. 2 are in agreement with the known
properties of the Kubo oscillator shown in Fig. 1. These results appear to be at
variance with recent claims [8] that the Tto—Euler algorithm is inapplicable to the
Kubo oscillator. Unlike these earlier simulations, there is no rapid decay here in
individual Kubo oscillator amplitudes, although there is a decay in the average
amplitude.

A further demonstration of the correctness of the Ito—Euler method is obtained
on analytically calculating the mean value over an infinite population of trajec-
tories, and comparing it to Eq. (2.6). The mean squared error can also be calculated
in a similar way. We find that, after » steps, with x©' =1,

(xS = (14 (iwg— 1/2) At)" (2.11)
and

" =x( )Y o =1+ (1 + 3 42%)"
—2 Re((1 + (iwy + %) Aty e—n(ia)o+1,'2)4|z)‘

This expression for the mean agrees precisely with Eq. (2.6) on taking the limit of
Ar— 0 and n— 20, so that n At =¢. The mean squared error also clearly vanishes
in this limit, showing that the algorithm can reproduce individual trajectories as
well as the mean value of the amplitude.

In Figs 2¢ and 2d we compare the results of using Eq. (2.10) over finite samples,
with analytic results for the mean square error in the infinite sample limit. It is clear
that the analytic discretization error predictions of Eq.(2.11) are subject to a
sampling error which varies approximately as 1/\/—1V, where N is the number of
stochastic trajectories that are averaged. This behaviour can be regarded as generic
to stochastic problems. Ito-Euler algorithm results will be treated in greater detail
in later sections.

For comparison purposes, the solution was also computed with a time-reversed
Ito algorithm. This is obtained simply by reversing the time-direction of the algo-
rithm in Eq. (2.10) and applying it to the time-reversed equation for the Ito
oscillator. We note that the Kubo oscillator equation is a Stratonovich equation,
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F1G. 2. Average error, {|x"—x|). where x' is the weak explicit or Ito-Fuler solution of Eq. (2.11).
Graphs show (|x'—x|) for 10 trajectories with wo=1, 4:=0.i, 0.05 {Fig. 2a} and 4r=001. 0.005
{Fig. 2b). Figures 2c and 2d show the mean squared error in the mean compared to the exact, ‘nfinite
sample result. Figure 2c has 100 and 10,000 trajectories with A7=0.1. Figure 2d has 00 and 10,000
trajectories with A7 =0.01. In each case. the solid line is the predicted error in the iimit of an infinite sot
of trajectories.

and so follows the usual caleulus rules in time-reversal. The resulting algorithm is
as follows:

XUV =1 —§ At — i(wo A1+ AW™)]71 x (2.12}

A thorough treatment of these types of implicit algorithm is given in Sectiorn &,
where we show this is a special case of a general weak implicit method. The results
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FiG. 2—Continued.

of using Eq. (2.12) are shown as the dotted curve in Fig. 3, where it can be seen that
the errors are comparable to the normal Ito algorithm (solid curve).

It is interesting to note the close relationship between the discretization error and
the Ito correction term. A Kubo oscillator has a circular trajectory on the complex
plane, and a direct Euler simulation of the Stratonovich equation is always
tangential to the circle of motion. This leads to a trajectory with rapidly increasing
radius. Since the random source becomes relatively larger than At as At — 0, the
uncorrected error term does not vanish in the limit of 4¢ — 0, when integrated over
a finite time. Instead, it must be compensated for by the Ito correction term of
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Eq. (2.3). This cancels, on average, the otherwise growing amplitude of the
trajectory. Thus the Ito—Euler or weak explicit method is stochastically correct only
to order (AW ~ 4r"?) in the strong sense of individual trajectories, giving an overait
accuracy to order (At¢, AW) in our notation.

3. TavLor ExpaNSION METHODS

While the Ito-Euler procedure is mathematically correct, it is numerically inef-
ficient. Even worse, Euler procedures are numerically unstable [97] unless extremeiy
small step sizes are used. This lack of robustness leads to increased discretization
error and long computation times. For this reason, a number of alternatives tc the
Ito—Euler method have been suggested. These are reviewed by Kloeden and Plaien
[11]. One type of alternative is a generalised Runge-Kutta [12-147 algorithm.
These algorithms are of higher order than the Ito-Euler one. Explicit Runge-Kutta
methods, however, can lack robustness in their deterministic error-propagation
properties, especially for stiff differential equations [ 157. Despite this, these schemes
give excellent local error performance, although it is known that the maximum
order possible is limited.

Another proposed alternative is an explicit method like the Ito—Euler algorithm.
except with stochastic correction terms [16—18] that replace the Ito correction.
This technique is essentially an implementation of a stochastic Taylor expansion
[19]. In this paper, we intend to treat algorithms suitable for multidimensional
cases. Stability properties are therefore of especial importance, due to the possibility
of stiff equations. For this reason, both implicit and explicit algorithms are treated.
These algorithms are generally of higher stochastic order than the Ito-Euler algo-
rithms, ie., typically of order (41, AW?). They also prove to have much smaller
errors than the Ito-Euler method for higher-order moments, even though the Ito—
Euler method is known to converge to order (47} in the weak sense of momen:
generation. The error-reduction is due to the fact that the stochastic error terms of
O(4W?) in the Ito-Euler algorithm can lead to large discretization errors in higher
moments, which do not vanish when averaged over the trajectories. We note that
in calculating moments numerically, there are also sampling errors due to finire
populations. These are largely invariant with regard to the algorithm, sc that we
shall focus on the discretization error in most of the numerical results.

The algorithms treated in this paper are obtained directly using the Stratonovich
equation, rather than going through a transformation to the Ito form. This allows
the use of ordinary calculus to compute the results. It is also possible to preduce
implicit algorithms. These are known to have generally increased deterministic
robustness when compared to either Euler or Runge-Kutta methods. The question
of stability is especially important for stochastic equations, as the trajectories even-
tually map out all regions of the equation’s phase space, including any region of
numerical stiffness. In these regions an unstable algorithm can diverge, leading o
incorrect or divergent global averages over all trajectories. Here we use the



154 DRUMMOND AND MORTIMER

deterministic terminology, although in stochastic equations Lyapunov exponents
should be used to define stability properties.

It is therefore essential to choose numerical methods which are relatively stable
in all regions of phase space. In particular, when there arc nonlinearities in the
coefficients a, b, the step size requirements for explicit methods can vary widely
throughout phase-space. It is likely that for some equations there is iz fact no finite
step size that allows stable behaviour of the discretization error throughout phase
space. This can lead to even more stringent requirements on &, b than those for the
existence and uniqueness of the stochastic equations [ 1, 127]. The problem is mads
more severe by the fact that the stochastic terms vanish only as (A1)~ as 47— G,
so that these terms become relatively larger as 47— 9.

In order to overcome these problems, an analytic solution to Eq. (2.1} is cbtained
here which is approximately valid in each time interval (z,, 7, . ). The first step is
to linearize the coefficients a, b, as functions of x. A Taylor expansion in x around
an intermediate point X' between x'*' and x“*Y is calculated, where
£ =zx" " 4 (1 —e)x". Hence, defining 2" = x — ¥,

¢ - _ .
PRI URNAURDW ACE KBy
g k
where
f}(t):ai([vi)+zblj(‘rri}ii(")
i
_ ¢ ;
Eul)=7— 1 ai(t,x)+ Zby(r x) (0 |
~k X =%
Letting Ax"™"'=x"""—x™ as before, it is clear that z!"{7,)= —¢4x'™ ana

2"z, )= (1 —¢) Ax". The solution to Eq. (3.1) is immediate and gives the result,

fne . , o] ..
f Uplty s 0 Fin dt—eUylt, (0,0 AXIE (32
1

n Y

(1-5) axj =3 §

i

where

¢
— U, t"Y=5% g.{1) A
o P gg(,( i

Uyt t)=

This formal technique still requires that we obtain the solution of Eq. (3.2} whick
involves solving for U, and then integrating. In some cases, Eq. {3.2) can be treated
exactly. Thus, in the case of a linear stochastic equation, an exact solution o
Eq. (3.2) generates a numerical algorithm without any truncation error tc all orders
in (4r1). Approximate techniques for more general cases using stochastic Tavior
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expansions will be given later. These calculations will only be taken here to first
order in the Taylor expansion, for simplicity. However. a higher order expansion is
also possible {19].

An exactly soluble example is the Kubo oscillator of Eq. {2.5). Here.

1) =i%(E(1) + w,)
gty =i(&{r) + wy).

o
Lad

The solution for U(1, 1y) is then:

Uit ty)=expi [ {we+ &)Y dr.

L

The overall solution for x'"*! given x' is independent of %. It is obtained most
readily on setting ¢ =0, which gives

) Int1
x“’“’zg_expij (cog+ (1)) dl] Xt
.

in

:ei(AW"”'wqu A!,,)Y(n) {

)
B2

Here 4W ™ is a Gaussian random number with variance 4¢, as in Eq. (2.10).

This result agrees precisely with the earlier analytic solution. Even though the
random process x(f) is known only at discrete sampling times ¢, the values
obtained correspound to full solutions of the original stochastic equation. The results
are accurate to all orders in (41), apart from possible numerical round-off errors.
Thus, for example, all trajectories calculated this way have |x'|=1 if [x'"I =1
initially. By comparison, the Ito—Euler simulations of Fig. 2 can only maintain the
modulus |x™] =1 in the mean over short time intervals. For any step size A:. the
Tto—Euler algorithm generally results in trajectories with a slowly growing modulus
over sufficiently long times. It is clear that at least for linear equations, it is possible
1o use the method of Eq. (3.2) to generate numerical trajectories of much greater
accuracy than the Ito-Euler technique can offer. While the Kube oscillator exampile
is a relatively simple one, its exact numerical solution indicates the possibility of
more powerful algorithms.

4. EXPLICIT ALGORITHMS

The formal result of Eq. (3.2) allows a large variety of numerical techniques to be
generated in more general cases. These are obtained by different choices of the
reference point X and of methods of evaluating U,,. If the choice ¢ =0 is made with
g =x"", an explicit method is obtained similar to the usual Ito-Euler algorithm.
but with greater accuracy. We first rewrite f, g by expanding them about the
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appropriate point in time 7,, corresponding to x'*, where 7,=¢t, , , + (1
the nth step. Thus, for the nth step,

f(ty=a, +Z b,&(1)+0(4r)
4.1)

gik(t):aik‘!'z bijij 1)+ 0(4t),
J

—eé)t, for

where the coefficients a;, a,, b;, by are defined as

a_izai(tn’ )_(("))

by="by(f,, ™)

_ 0

atk_ﬁ ( n’x)’x x(n)
“Vk

(4.2)

d -
bUk:Ex; bij([rn X),x:g(’!?'

The solution then requires the calculation of Uy, which is obtained from
Eq. (3.2). This has the iterative solution:

U,.k(zz,z1)=5ik+j"gik(z)dz+2f“[J g,,.(z)gjk(z')dz']dr+..., (43)
£y j 111

i

In order to collect terms in Eq. (3.2) to order (4¢), it is necessary to include expres-
sions in &(¢) up to order &2, since these occur in double integrals whose average
value is of order (A4¢). This requires that the first time integral in Eq. (4.3) is
retained. Hence, to the lowest relevant order, Eq. (3.2) can be rewritten as

(1—¢) X‘"’—Z J ]:51k+f " gull') dt’}[ﬁﬁz b_kjij(t):l di
J

—¢g ; l:(S,-j-f-J‘tH

In

Next, this can be further simplified on dropping the last term, since ¢ =0 for the
explicit case,
AxM=a; At +Y by AW ™
j

+2 Y Eyp AW P +0(AP7), (4.5)

where
Cyj! Z bu kbkf
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and

In+1 pln+l
AW};’,’zf J Aty Sy dr ar.
I

Iy

Since the result is correct to order (4:, AW }, it is accurate to higher stochastic

codase thna chhoe ,,;_m‘,_l.;id.A Te b I P ) s al} [ S-S PN i - SR

|
was first obtained by Milstein [16] for an N-dimensional stochastic process. Rao

et al. [17] have given a similar result accurate to O{At*}. Due to the use of
Stratonovich calculus, the present derivation is obtained simply using standzrd
integration of the equations in a similar way to the derivation of Sancho e al. [187.

It is useful to calculate the mean value of the last term in Eg. {(4.5), to understand
its relationship to the Ito-Euler algorithm. Clearly, since ¢;(7) is uncorrelated with
il

3
zzzc AW("’/ ; T Y b(X) 2 by (%), (4.6
2 I X
Thus the term in Cw corresponds in the mean to the Ito correction term which
would be inciuded in a’ in the Ito stochastic process. This demonstrates that the
to-Euler algorithm, which is of order AW ~ (4:)' * for individual irajectories, doss
give mean values that are locally correct to order (4¢). This is expected in view of
the known weak convergence to order (41¢) of the Ito—Euler method [107.

In order to utilise the improved equation, it is necessary to generate the time-
ordered stochastic integrals AW("’ These are correlated with 4W{". For ease of
computation AW'" is divided mto a symmetric component and aq antisymmietric
component. The symmetrkc part is simplest to evaluate, since

In+t plnsel
LawP+awl=" |7 g g (yarar
f f,

" n

=AW\ AW, 147

The antisymmetric part 4|7’ is uncorrelated with AW "' and can be evaiuvated
numerically using random number generation techniques. The overall result for
AW is that

AW = 3[AW W AW+ 440 ],
where

rinvl pln+l

AN

Al —

g7

[&,(0) &) =&, (N E (0] dr . (48)

Y1, v

Techniques for the efficient generation of these antisymmetric time-ordered
stochastic integrals are treated in Kloeden and Platen [11]}. In many casss of
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interest the matrix c;; is itself symmetric in j and /', as in the case of the Kubo
oscillator. This is known as commutative stochastic noise [20, 21]. In these situa-
tions it is unnecessary to evaluate the antisymmetric stochastic term AJ(.]’.’,’. This
implies that only the original random set AW/‘.”’ with variance 41, is required at
each time step. In the general case with an explicit algorithm (¢ =0) the following
result is obtained [16], which is strongly convergent to order (A¢):

Strong explicit: Ax{ =a(1,, X)) At,+ ) by(t,, x") AW
j

1

2

Y ¥ oty XUNAW D AWD 4 A0, (49)

J ok

With this algorithm, the normal Euler approximation to the Ito equation is
replaced by an improved method that includes all stochastic terms of order (Ar). By
comparison, the Ito-Euler method of Eq. (2.9) includes stochastic terms only to
order (4W), together with a correction term which gives the mean derivative
correctly to order (A4t). For the Kubo oscillator, it is clear that Eq. (4.9) reproduces
the exact result of Eq. (3.4) correctly to order (4W)?, for each individual trajectory.
However, Eq. (2.10) only reproduces individual trajectories to order (4W). The
strong explicit algorithm in the Kubo oscillator case is

XD = (L4 (AW + g A1) — HAW ™)2) x. (4.10)

The effect of the higher order correction is shown to be a relatively large one in
Fig. 3, where errors are calculated by comparing individual trajectories in this algo-
rithm with those in the exact result. It is obvious that Eq. (4.9) is of greater
accuracy for small step sizes than Eq. (2.9). The error is, of course, zero in the exact
algorithm of Eq. (3.4). Of more interest are the increased long-term errors in the
calculation that are obtained with larger step sizes. These long-term errors are due
to a faster growth in the Kubo oscillator amplitude in the Milstein algorithm,
relative to the Ito—Euler case. This causes an increased relative error-propagation
rate which is not immediately apparent from a local analysis of the truncation
error.

In summary, the strong explicit algorithm of Eq. (4.9) corresponds to the Ito-
Euler algorithm only in the mean. For each individual stochastic trajectory, this
algorithm generates individual trajectories which are accurate to order (4r). By
comparison, the Ito-Euler method reproduces individual trajectories accurately
only to order (A4r)'? and neglects correction terms of order (47). These neglected
correction terms have zero mean, but can obviously change the variances in an
ensemble average. Thus the Milstein technique can reproduce higher order
moments with increased accuracy relative to the Ito—Euler method. However, its
global error-propagation properties are worse than those of the Ito~Euler algorithm
for the Kubo oscillator, especially with larger step sizes. The strong explicit algo-
rithm is therefore unsuitable for stiff equations, where error instabilities are a
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serious problem. A theorem on global convergence properties with one-siep
approximations is proved by Milstein [227]. The Milstein theorem states that, under
suitable conditions, an algorithm whose local mean square error is of order p, wilt
nroduce a giobal mean square error of order p, where

p=p—3 (4.11)

This holds in the case that the stochastic equation coefficients {«, b) are constrained
by the Lipschitz condition

S
-
P2

las, x)—a(s, )| +Y, b6, x)—b,(t, ¥)| <K, [x —yj
j
where

b= (b, by, b3, ...
While this is applicable to the Kubo oscillator case, we note that in physics
applications the functions appearing often have faster than linear growth rates.

5. IMPLICIT ALGORITHMS

in this case of ¢>0, the calculation of each step requires knowledge of the
endpoint, x'"* ). This type of numerical method is known as an implicit ons and
generally requires the solution of a set of simultaneous equations at each step in
time. Typically, such methods have greatly improved numerical stability, at the cost
of some increase in the number of computations required. In the case of stochastic
trajectories, there is already a relatively large overhead required to compute a set
of random numbers AW]‘."’ at each point. The small extra cost of using an implicit
method can therefore be justified in terms of improved accuracy and stability.
Milstein [ 147 has also derived implicit schemes of a different type. Implicit deter-
ministic schemes are used extensively [23].

By choosing £ =1, a fully implicit technique is obtained with X' =x'"""!" These
types of method are known to have excellent deterministic stability with respect 1o
error propagation in cases of stiff differential equations [87. For ¢ = 1, the resulting
semi-implicit methods correspond closely to the natural definition of a Stratenovich
process. In this case X™=1[x" +x"*17], so the method is a central difference
approximation. This algorithm is accurate to order (4¢)* in the low-noise limit and
has a wide area of application.

In the fully implicit case, Eq. (3.2) can be rewritten as

In+ | _ " .
Y U,.,.(f,m,z,,mx;"'zzj Uyit,y i 1) Fil0) dt. /5.1
j

j i
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It is useful here to note that U, has the elementary multiplication properties:

le [23 Z Uy(’Zs [) Ujk(ta t[) (t?_>t> tl)' (52)

Provided Uj(¢, t,) is invertible, its inverse can be written as U,(t,, t,), so that
Eq. (5.2) apphes for all values of (z,,r,). This defines {U} as a group for each
particular stochastic trajectory and allows Axl‘."’ in the fully implicit case to be
written as

ax =Y [ Uyte,. 0 [0 d, (5.3)

j ia

where Uj;(1,, z):o‘,.,—j;” g;(t')dt’ (t>1,). Hence, a result similar to Eq.(4.9) is
found, which is correct to order (dt, AW ?):

Strong implicit: Ax"™=a,(z,,,, x" 1) At +Z bty X"ty 4w

1
=) Y2 Coalty n XUTOAW I AW — A0 (54)
j K

We see that Eq.(5.4) is a time-reversed version of Eq. (4.9). In fact, this is
a stochastic Taylor expansion around the future point x”*+V, Note that the
symmetric correction term changes sign, while the antisymmetric term A4, has the
identical sign to the explicit case.

Here, a, b;;, and ¢, must be evaluated at the future point x"* "), which generally
requires the use of iterative techniques to compute the value of Ax. As in the
Milstein case, the algorithm is simplified when ¢, is symmetric, giving commutative
stochastic noise.

For the Kubo case, since the equation is linear, the numerical algorithm corre-

sponding to Eq. (5.4) is
XD = (1= iAW + g A1) — L AW M)2) =1 50, (5.5)

This is easily seen as corresponding to a binomial expansion of the inverse of the
exponential in Eq. (3.4), where terms are collected to order (4W )% The results
are shown in Fig. 3. This method has similar errors to the strong explicit algorithm
at small stepsize, but is more stable in the case of larger stepsize.

It is also possible to define a time-reversed version of the Ito equation, by
replacing the stochastic products in Eq. (5.4) by their mean value. This gives the
following algorithm, which can be recognized as a time-reversed or implicit Tto—
Euler method:

1
Weak implicit: 4x™ = [a,-(t,,ﬂ, x+ D) -3 Y ity s xF “)] At
J

+Z bij(tn+l7x("+l)AWj(:n)- (56)
J
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In the Kubo oscillator case, Eq. (5.6) generates Eg. (2.12), with numerical results
that are shown in Fig. 3. Clearly, this behaves very similarly to the ordinary Ito-
Euler method. As this method uses an implicit evaluation of the derivative, it can
ed tQ_mJﬂmmmuhmmunMamimwmmm

wrrmnymmmn—rmmmmwmmmmm—
appear to be mentioned widely in the literature. However, it is likely to have 2

wider domain of stability than most other methods currently in use.
Finally, suppose an intermediate point is utilised for the algorithm, with ¢= 1 In
this case, Eq. {(3.2) can be written as

S B+ Uylty, 10 1,) Ax =Y f Upltn e ) Ji(1) dr. (5.7

;g Tin

N2 | =

This generates a semi-implicit method that is symmetric in tirae and strongly
convergent to order (4r). Going through a similar calculation to that already
obtained gives the following result, correct to order (4%, AW,

Strong semi-implicit:  Ax\"' = a7, X'") A1, + 3 b,(f,. % X AW

J

I = "
+E Z 2 Cl]k(!n7 i(h)\g *4/{,"\”
ik

[
[o29)]

In this case the term in AW " AW is identicaily zero. In cases of commutative
noise, the antisymmetric noise terms can give no contribution either. Noting that
the antisymmetric terms 4}’ have zero mean, we see that a weak semi-implicit
method is obtained by omitting these terms, even if the noise is non-commutstive,
This leaves the simple result

Weak semi-implicit: Ax}" =a,(f,, X)) 41, + 3 by (i, X"y 4 W™ (55}

J

This algorithm now corresponds precisely to a standard implicit algorithm for
solving differential equations. However, as usual, 4" scales with {4¢)"? instead
of 4z. With regard to the terms in 47 only, the semi-implicit types of algorithm are
of higher order than the earlier ones. They are correct to O(4¢?) in the limit of zero
stochastic noise. More generally, even with non-commutative noise, Eq. (5.9) is stii
weakly convergent and therefore useful in generating moments, since the residual
second-order noise term is of zero mean. This has been suggested as a stochastic
method suitable {or more general partial-differential space-time equations {247, as
well as for stochastic time-domain problems [25,267. Thus, Eg. (5.9) generates
an algorithm that is convergent to at least O(A:*, AW) in all cases, and to
O(41%, AW?) in the case of commutative stochastic noise. In the non-commutativa
noise case, it can be expected to behave in a generally similar way to the {to-Euler
and time-reversed Ito-Euler methods, which are also correct to O{4W). However.
it has a lower error in the deterministic limit.

58193 1-12
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Fi1G. 3. Comparison of error performance of algorithms as in Fig. 2, for 100 trajectories. Figure 3a
shows the error for 4¢1=0.1. Figure 3b shows the error for Ar=0.05, Fig3c for 4t=0.01, and Fig. 3d
for 4r=0.005. The key to the lines is as follows: (weak explicit); --- (weak implicit); — (strong
explicit); —-— - (strong implicit); —-- -~ (semi-implicit),

In order to show how to utilise Eq. (5.9), consider an elementary Newton type
of root-searching method, where @, and b, are expanded to first order in Ax‘"
around x*7, In this case,

(n) Z [G(x(n) [a (x(n)) At +Z i X(n))AW(n):’ (5.10)

where

—

é .
Gy(x") = Oy—=% 5 [a,-(x) At,+ 3 bu(x) AW}(”’]
k

2 éx;

x =x!"
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FiG. 3—Continued

This is exact in the case of the Kubo oscillator, which is linear in x. For comparison
with Eq. (3.4), Eq. (5.10) can be rewritten for the Kubo oscillator as

. _i .
xr = [1 —é (AW + w, At)] [1 + % (AW + wy As}} X7 {3

This can also be obtained directly using Eq. {3.4). In fact, it can be readily
verified that this expression agrees with the exact solution of Eq. {3.4} to all orders
up to (4W'")2, but has a lower error than before to order (AW )’. The third-order
coefficient 1s 0.25, compared to the correct coefficient of 0.17 and a coefficient of 6.0
in the previous algorithms. The algorithm is also exact to order {A4¢)® in the Hwmit
of low noise (i.e., ignoring the term in AW '), The resulis are of good accuracy and
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stability, which is shown in Fig. 3. Both the short term and long term errors are
greatly reduced in comparison with the other approximate algorithms.

More generaily, for nonlinear equations, Eq. (5.10) can be improved by using
iterative techniques which generate successive estimates of Ax“*!'. A number of
iterative procedures are known for this nonlinear root finding problem. Thus, in the
Newton method, the u-th estimate of Ax™ can be written Ax"[u], where
Ax" [+ 1] is obtained from Ax"[u7] on solution of the set of linear equations,

S Gy Lul[Ax" [+ 11— Ax[p]1=a,[u] A, + Y, bulu] AW, (5.12)
j k

J

where
G,Lu]=G,(x™ + 4 ax"[p])
a;[p]=a;(x" + 1 Ax"[u])
balu]=by(x" + 5 Ax"[1]).

In cases of large computational complexity, G; can be replaced by its initial value
at x. Alternatively, the secant rule or quasi-Newton techniques [9] can be
utilised for solving the implicit equations. This technique is also applicable, with
appropriate adaptions, to Eq. (5.8). In general these techniques can modify the error
bounds when a finite number of iterations are used. However, this is easily checked
in practise by varying the number of iterations.

As a precautionary note, it is necessary for the implicit equations to have a solu-
tion in the neighbourhood of the previous point. In order for these methods to
provide sensible resuits, the step size 4r must be reasonably small. Even with small
At, the distribution of AW implies that large AW will occur with finite probability.
For sufficiently large AW, it is likely that the inverse matrices will have a
singularity. This implies that the Gaussian distribution of AW could need to be
truncated for these methods. Of course, as A¢ is reduced, the error caused by the
truncation approaches zero rapidly, since the truncation points can be increased
relative to the standard deviation. In the computer-generated results obtained here,
no truncation was necessary.

6. SUMMARY

A class of algorithms for the computer simulation of multiplicative stochastic
processes is presented. The algorithms are based on an exact solution of the
linearized equations over a short time interval, without using time-domain Taylor
expansions. Instead, the expressions used here can be regarded as generalised
stochastic Taylor expansions [27]. The parameter ¢ used in the algorithm defines
the degree of implicitness. In fact, ¢ can be regarded as effectively interpolating
between the usual Tto and Stratonovich type of differential equation, as well as
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extending these to include a fully implicit or time-reversed lio equation. The chief
difference between these algorithms and the usual Ito-Euler type is that the
stochastic corrections to order (4t¢) are computed exactly for each trajectory, rather
than just in the mean. We treat three algorithms that are only weakly convergent
to O{A4r), and three that converge strongly to O(4r), giving improved accuracy
overalil.

The higher-order algorithms are generally accurate only with smali time-steps.
The strong explicit or Milstein method can show worse long-term characteristics
than the weak explicit or Ito—Euler algorithm due to error propagation, when the
time-steps are relatively large. The implicit algorithms of either order are preferabile

1.08
.
S Y

<)X

TIME

Fic. 4. Comparison of the calculated modulus {|x'| > for the five approximate algorithms Figure 4a
has wy=1, 41 =0.01, with 100 trajectories. The key is as in Fig. 3. Figure 4b has identical parameters.
except with 47 =0.005.
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for equations that are stiff or unstable when using explicit methods. The greatest
accuracy in the Kubo oscillator case is obtained for the symmetric or semi-implicit
case of Eq.(5.9). This case also corresponds to a second-order method in the
deterministic limit and therefore is especially useful in cases of low noise. We note
that other classes of algorithm or different stochastic equations could give rise to
alternative optimal methods.

Detailed comparisons of the present algorithms are given in Figs. 3-6, for the
case of the Kubo oscillator. We note that in this case the weak and strong methods
of semi-implicit type are identical, as the stochastic noise is commutative. Here
Fig. 3 graphs the mean error characteristics for four different step sizes, showing

TIME

F1G. 5. Comparison of estimated moments for the algorithms. Plotted are the errors in the mean
I{x>—<{x'>} in Fig. 5a and of the sixth moment, [(x®> — {(x")®)|, in Fig. 5b. Here wy=1, 4t=001,
with 10,000 trajectories. Key as in Fig. 3. Figure 5b includes a time-domain smoothing of the graph over
every 20 adjacent points, to improve visibility.
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[<X'>—<X> |

TIME

F1G. 6. In Fig 6a and Fig. 6b [{x'>—(x),| and [<x'}®) — <(x®> | are plotted: ic., they are the
errors relative to the infinite sample result of Eq. (2.6). The combined truncation error and sampiing
error are shown for w, =1, 4r=0.01. These results are for 100 trajectories. while Figs. 6c and 6d show
results for 10,000 trajectories. These figures include a time-domain smoothing over every 20 acjacent
points, to improve visibility. The key to the lines is as in Fig. 3.

how the relative performance alters with step size. The ensemble used was of 100
distinct trajectories. For larger step sizes, the error-propagation problem is signifi-
cant for all except the semi-implicit method. We note that the strong explicit or
Milstein algorithm has the worst error-propagation rate for larger step sizes.
Figure (4) shows the behaviour of the calculated modulus. None of the algorithms
shows the rapid decay in the modulus which was obtained in an earlier simulation
[8]. In addition, the symmetric or semi-implicit method has |x] = | always, which
agrees with the exact result. Two-different step sizes are compared, with identical
underlying noise sources, to demonstrate the reduction in error with reduced step

size.
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FiG. 6-—Continued

Figures 5a and b show the error in the first- and sixth-order moments. Here the
ensemble size had to be increased to 10,000 trajectories, to reduce the sampling
error. Even so, the errors in the sixth-order moment showed large fluctuations, and
the graphs are time-averaged over 20 neighbouring time-domain points to improve
visibility. The results were checked in double precision (14 digit) arithmetic to
ensure that round-off error was negligible. The weak explicit or Ito—Euler and weak
implicit algorithms perform poorly for higher-order moments, since these methods
have errors of order (4¢)%* for individual trajectories, although the mean values are
correct to order (A4t). Thus the errors in the mean are comparable with the other
algorithms, but the higher order moments have much larger errors, for a given step
size, even though they converge with the same order as the mean. In all cases
treated, the semi-implicit algorithm has the smallest discretization error.
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Calculating stochastic moments on a finite population necessarily results in addi-
tional random sampling errors relative to the ideal infinite population resuits. From
the central limit theorem it follows that these random errors typically scale with
N~'2 for N samples. As the error is approximately uniform for all algorithms or
step sizes, we have graphed only the discretization errors so far, by comparing dis-
cretized and exact results over identical finite populations. However, the choice of
step size needs to be combined with an appropriate choice of population size, in
order to obtain optimal moment estimates. We therefore show the total error in the
calculated moments, including sampling error. in ¥igs. 6a—d. These are obtained for
100 and 10,000 trajectories at a stepsize of 47=10.01. The resuits show that with this
relatively small choice of step size, the mean value errors are largely dominated by
the underlying sampling errors, which are similar for ali algorithms. However, the
sampling error in the higher order moments is strongly dependent on the algorithm
chosen. The semi-implicit algorithm generally has the lowest total error, especially
for the smaller populations. It is interesting to note that, for the higher order
moments, the weakly convergent algorithms have much larger sampling errors than
the strongly convergent methods.

In conclusion, the higher-order algorithms obtained here give much smailer
errors than the Ito—-Euler method, especially when calculating higher order
moments. The strong implicit method is probably the most stable in the case of stiff
equations. We note that it is also possible to obtain a weak implicit method using
a time-reversed lto—Euler algorithm. This also can be expected to have zood
stability properties. However, the semi-implicit method gives the least discretization
error and the least sampling error for the Kubo oscillator, It therefore appears
preferable for this problem.
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